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ANALOGUES OF THE KIRCHHOFF AND SOMIGLIANA FORMULAE
IN TWO-DIMENSIONAL ELASTODYNAMIC PROBLEMS*

L.A. ALEKSEYEVA

The theory of generalized functions is used to derive unsteady-state
equations of motion in elasticity theory taking into account possible
discontinuities at the fronts of the solutions in infinite domains, and
also for solutions in a bounded domain. By convolving Green's tensor
with the right~hand side of these equations one obtains generalized-
function analogues of the Kirchhoff, Somigliana and Gauss formulae.
Integral analogues of these formulae are proposed for the case of two=
dimensional deformation.

1. Unsteady-state equations of motion in generalized functions. We shall use the follow-
ing notation: (), %3, Z3) are lLagrangian Cartesian coordinates of a point x in a linearly
elastic isotropic medium with given Lamé parameters A, p  and density p and ui, &, oy are
the Cartesian components of the displacements u and strain and stress tensors, respectively.
These quantities obey the Cauchy relations and Hooke's law /1/:

gy = 0.5 (s, ; + wpt)y 0y = My by -+ 2pey; (1.1)
Throughout the paper, repeated indices indicate summation; unless otherwise stated,
i,j=1,...,N ({(in two-dimensional deformation N ==2 and in three-dimensional N = 3) and

Ui,y = Buyfdxy, wy, = Ouyldt.
In view of {1.1), the equations of motion of a continuous medium
Ti1. 5 + PGi == Pl 1t (1,2)
can be reduced to the form

L (9/0x, 6it) u; + G = 0 (1.3)
L (8/0x, 0/01) = (c? — cp2) 02/dx0z; + B (c2A — B28P), ¢, =
VA +20)p, ¢ =Vpp

where ¢, ¢ are the velocities of dilatational waves and shear waves,8 (8;) is the Kronecker
delta and G; are the Cartesian components of the body force.

It is well-known /2/ that system (1.3) is strictly hyperbolic. The determinant of its
characteristic matrix

(L7 (8 1)} = {(e® — e &y — 87 (e 12 2 — @)}
GE=(Gn.. . [81=VER

has 2N real roots counting multiplicities (when N =3 there are six roots oheu —ta -6y
when N =2 there are four: -+ci, -+¢,). The matrix {~L;’ (i 0)} 1is positive definite when
|&|+0.

Hyperbolic systems are known to have discontinuous solutions., The surface of discon-
tinuity is a characteristic surface of system (1.3) and it moves in the space Ry with time
t. Let F; be such a surface in Ry and F "the same" surface but in Ry, = Ry X I, — 00 < { <
oo, where it is stationary; let F (x,t) =0 be the equation of the surface, v = (v, ..., ¥x)
a unit vector along the normal to F in Ry,

v;=F tligrad Fil, lgrad Fl=VF & ; j=1..., N+1, (1.4)
TNy =1

#Ppikl.Matem. Mekhan. ,55,2,298-308,1991
238



239

and n = (ny, Ny .. ., ON) the normal to F; in RAy:
ny=F ;/llgrad Fill, Ilgrad Fell =VF,F; j=1,..,N (1.5)

The surface F, propagates in Ry at a velocity
¢ = —F, ¢/| grad F,|| (1.6)

and its equation is
N
v
det {(er® — ¢;%) vivy + 8y {ca? k%.ll v =y} =0, v =y, (1.7)
Since the system is hyperbolic, Eq.(1.7) has roots

8 1,
V:=i01(2‘1"k2)/lf 1=1,2 (1.8)

Any characteristic surface (wave front) satisfies one of these equations; by (1.6) it
moves at velocity cr.
The condition that the displacements be continuous across the wave front, which is
necessary to maintain the continuity of the medium,
lusle, = 0 (1.9)
implies the well-known compatibility conditions for the solutions on the moving fronts /2/:
lews, s + njui, e, = 0 (1.10)

(the continuity of the tangential derivatives of u on F,). Here [f],' denotes the jump of f
across Fy:

[fle, =£T (f(x +en, 1) — f(x — en, 8))

for x & Fy, ¢ > 0; [nflg, = n le, -

In addition, Egs.(1.3) imply dynamic compatibility conditions for the solutions on the
fronts /2/:
loyn; + peui, ddr, = 0 (1.11)

which are equivalent to the law of conservation of momentum in the vicinity of the front.

In order to incorporate singular body forces in the equations of motion and construct
fundamental solutions, the equations must be written in the space of generalized functions
taking conditions (1.9)-(1.11) into account. The fundamental space Dy (Ry.)) will be the
space of compactly-supported ifinitely differentiable vector functions ¢ (x,#) = {¢:(x,¢),.. .,
¢ (x, 1)} defined on Rwn.: ((x, {) & Ry,,). The corresponding dual space Dy’ (Rn.) is the space
of generalized vector functions f* (x,t) = {fi* (x, 1), ..., /v* (x,?)}. Throughout, instead of
"vector function" we shall always say just "function". Convergence is defined by analogy
with convergence in D (Rny) = D, (Ry), D' (Rn) = Dy (Ry) /3/.

Let wu(x,? be any classical solution of Eq.(1.3) which is continuous and twice piece-
wise differentiable everywhere except possibly at the surface (1.7), where conditions (1.9)-
(1.11) are satisfied. Corresponding to u(x,f} we have a generalized function u* (x, 2):

(we) = § wxe(xid, VeeDy(Ryn) (1.12)

Ry

where the integral is evaluated over the space Rwi1, or, mcre precisely, over part of it,
since @ (x,?) has bounded support. The generalized stress and strain tensors o™, ey* are
defined by (1.1), but now in the generalized sense, i.e., the generalized derivatives of y*
are defined by the formula /3/

(u*9) =—(u* ey, j=1,..,N+1 (1.13y
The characteristic function of the set F, ={(x,#): F(x,#)>>0} is defined as

I, Fx0>0

Het 8y =1V, F(x,8) =0 (1-14)
0, F(x,)<0
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the definitions of F_and Hy: Hp* + Hy =1 are similar.
It is well-known /3/ that

Hij = v (x, ), Hry = —vb (%, 1) (1.15)
ul s = wy; + lugdevibe (x, ). (1.16)

Here w#dp(x,%) 1is a simple layer on F:

(vOr, @) = f Vi (%, t) @y (x, t) ds (1.17)
F
(the integral is evaluated over F). The first term on the right of (1.16) is the classical

derivative of ;. It follows from (1.15) and (1.16) that

& = £y + 0,5 luyv; 4 upvilebe {1.18)
oy = oy + vy - p vy + upv)lebs

ik = O3y, &k + [04v]e Or + Tz; (vl + p (v + uyv)le 8}

uh g = g+ [V, Jr bp + %{[uivth 87}

Hence it follows that
* *
Gis, j— P, 1t + PGi = Oy, j— iy, y + pG; + [04v; — pviity, 4]e Sp + 3%‘ X (1.19)
J

(Davibyy + b (w7; + 9o 85} — p ¢ {[2vi]e 85)

By virtue of (1.2), (1.11), (1.9) and {1.6), the right-hand side of (1.19) vanishes.
Consequently, u* satisfies the same equations, but now in the generalized sense.

2. Generalized Kirchhoff-Somigliana formulae for the unsteady-state problem. Let S be
the surface bounding the domain S~ of definition in Ry of a classical solution u(x,f} of
Egs.{1.3), and n the unit vector of the outward normal to S, which is continuous on S. Con-
sider the generalized function u*(x,t) extended by defining it as zero in the complement
St = By N\ (S + 8§71 u*(x, ) =u(x, ) Hg (x) H (), where H{l) is the Heaviside function, Hs (X}
the characteristic function of S  in Ry, Both S and ¢ =0 are surfaces of discontinuity
for this function. Differentiating u* as in Sect.l taking into account the equality H (f) =
8 (), we obtain

PL: (3/0%, 0/0t)u;® = — oyym 85 (x) H (1) —7‘;7 ((aryds -+ w (ny + ugn )y X @.1)

8s (X) H (£)) — wig'Hy™ (x) 8 (t) — u,oHs™ (x) 8" (1) — G;*
Gi* = GHs (x) H (1)

Here Hs (x)8(0), Hg(x)8 () are simple and double layers on the base of the cylinder
SXT{(T=1{ t>0}) and 8(x)H(}) is a simple layer on its lateral surface. Since u* =0
outside S and at t<< 0, the jumps in Eq.{2.1) are replaced by the appropriate expressions
on S; us = u; (x,0), uyy = ouy (x, 0)/ot.

Let Uu*(x,? be a fundamental solution (Green's tensor) of Egq.{(1.3) for a body force
G* = 8yb (x, B 4

L7 (9/ox, 0/88) Up* + 86 {x, 1) = 0 (2.2)

Put py = oy;n;, for xe §. We shall use the property of the fundamental solutions: for
any G* e Dy (Ry.;) the corresponding solution of (1.3) is a convolution with respect to (x, #):
u* = Up* » G* (2.3)
if it exists. In view of the differentiation property of convolutions, it follows from (2.1)
and (2.3) that

pu* = Uy* » ppds () H (1) + (Auen,by; + (2.4)
W (eny + uny)) 8s (x) H () ¢ Uk, 5 +
vy Hs™ (%) X*Up® + upoHs™ (x) x* Uk, ¢ + Un* » Gp*
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The symbol x* indicates that the convolution is evaluated with respect to x only.
This formula may be written in integral form, changing the notation for the dummy
indices over which the summation of u; is performed:

pus (5, ) B (1) = §av § (Ua* (x— 3, 0) iy £ — 0) + e (11 £ — ) X (2:5).
[} S

(U2 1 — 3, ) 7 (3) o+ wm; ) (U s (x— 3, 1) 4 Ul (x—y, ) dsy)—
S G URE =¥+ un 0 UR. x— 5. ) do(3) +

t
N S v x—y 1) G (vt — 1y do ()
[ 5=
Uk, s (X — ¥, 1) = 0Uy* (x — y, 7)/0a;

Defining the tensors

Ui (X, 7, 8) = Uy* (x — y, 1)
Sk (X, ¥, 8 = MyUn, i + p (Ui, 1 + U, 1)
rik (x! Y, & n) = Si.jknjs Tik (X, v, &, n) = rki (y1 X, i, D)

(2.6)

we can write formulae (2.5) in the traditional form, using the properties of Green's tensor:
U*x—y,)=U*x—y, ) =Uy* (y — x, 9 (2.7

whose properties follow from the isotropy of the medium, which implies that the equations of
motion (2.2) must be invariant with respect to the group of orthogonal transformations, which
of course includes the reflections. Thus, using (2.6) and (2.7), we obtain a formula of the
same type as the Somigliana identity of static elasticity theory /1, 4/:

t
pus (x, 1) Hs () H (1) = v { Uik (x, v, 1) D (3, £ — ) ds () — (2.8)
8

L]

t
Sdrgr,-k 0 ¥, )t (3, £ —T)ds (¥) + § (oo (5) Ui (%, ¥, 2) +-
0 -

t
o () Uik, 1 (%, ¥, ) do(y) + a1 §G (9.t — 1) Uy (%, v, 1) do (3)
0 8-

The specific form of this formula depends on the form of the tensors Uy, Ti, Ui, As all or
some of these tensors are usually expressed in terms of singular generalized functions,
formula (2.8) as it stands is formal, though it is frequently encountered in the literature
/1/. A preferable notation is (2.4), in which the differentiation operation can be eliminated
by using the properties of convolutions:

pu* = ppbs (x) H (t)aU;* + ai} (b s+ 1 (ugn 4 uynyg)) 8s (x)H(t)aU?xH- 2.9

UroHs™ (%) X*U S, +- o {uolls™ (x) X*US) + Gy *aU

Here, if Uy* 1is a regular generalized function, all the convolutions can be expressed
as integrals, with the differentiation applied outside the integral signs. The resulting
equations may thus be investigatedin the context of continuous piecewisedifferentiable functions

3. A generalized Gauss formula for dynamic problems. We shall now show that the tensor
Ty (x, Y, £, 0) is a fundamental solution of Egs.(1.3). Fixing y in (2.6), we obtain

_Tik (X, Yy, t! n) = Klk (a/axv ll) Uil (X, Y. t) = (3'1)
{hnyd10z; 4 pn; (81,8/0x) + 8,,0/0x)} Uyt (x, ¥, 1)
Ly (0/0x, 6/01) T (x,y, t,m) = K,*(8/6x, n) § (x — y, 2)

The last equation follows from (2.5), and we rewrite it as

Ljf(a10x, 8/0t) Ty (x,, t, n) = Any08/dz; + pn; (8;,,08/0x, 4- 8;,06/0zy)
(98102 = 8 1) & (e — ) [1 82— w0)
il
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By Egs.(1.2) with y =0,
Simes — oV, + pOud {x, 1) = 0. (3.3)

Convolving (3.3) with Hg {x) H(f) and using {(1.15), we obtain
Siwy wHs () H (1) = — § wn8s(x) H (1) = (3.4)
ik

— pbuplls™ (x) H (1) + p o (U Hs™ (9) H (1)}

We now use (2.6) and recast (3.4) in integral form:

Ll T

av { Tu(n % n ) ds(y) = p8ufls™ (O H (0 — 05§ Vs (x, 3. A () (3.5)
s~ §-

Unlike the Gauss formula of static elasticity theory /4/, this equation involves a second
term on the right, representing time-dependence.

4. The tensors Uu* and Ta*. In two dimensions (N = 2) the tensor Uy* was
constructed in /5/, but the development there involves an error (see below), because of which
the resulting formula for Up* is incorrect. The tensor Uy* in three dimensions was
worked out in /1/. The simple approach adopted here will be different.

Evaluating the generalized Fourier transform of (2.2) and solving the equations thus
obtained, we obtain the Fourier transform of Green's tensor:

8z Ezg oy? ca®
FlU# Ol = arp—e T o0 (c,z|§;f:,.ma - cgama_ma} (4.4y
where (&, ... Ey, ©) are the Fourier variables corresponding to (i, ... zw, 8¢ 1| =V &&:.
The generalized Fourier transform is defined by
(FU*(x, 9}, Fle(x o) =@aM1 {*(x,1), ¢, 1) (4.2)
(Fle = § e exp(iEn +iondy
BNz
for any ¢ & Dy (Rnw)).
It is obvious that the function
Dy (B, 0,¢) = (2| E 2~ o) (4.3)
is the Fourier transform of Green's function of the D'Alembert wave equation
(01 — c2A) By (x, 8, ¢) = b (x, ) (4.4)

whose solutions are readily available for any N /3/. The functions

are the Fourier transforms of the convolutions
D, =Fl®,+ H($)$(x)], T, =FI[D,»H (S x)]

if the regularization of the function 1/{io) is taken to be lKi(mi+ i0)), as ®, =0 for
t<<0, Consequently,

3
®, = Oye () 6.(x) = H (1) § By (x, T, ) dt (4.5)

0

D, = Do H (1) 8(x) = H (1) § By (x, 7, ¢} dv

Since
F 168%/9z,] = — ik, F [f*).
we deduce from (4.1)
Up* (x, 1) = Dy (%, 1, 0o} B + 82 (2D, {x, 1, €3) — 5D, (x, 1, £,)) 6%/97,92, (4.6)
and from {3.1), in view of (4.6), that
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Ta* (x, £, 8) = M@,y + g (D, + 635 8Dyy/m) + 4.7y
28 {ePWyy, 15 — 2Dyy, i4))/00
Dy; = Oy (X, £, ¢5), 8/8n = n;/dz;
Two-dimensional deformation. ¥For N =2 we have /3/
. Het—n T
Dy (x, £, ¢) = ey T Va? + (4.8)
Implementing the integration in (4.5), we find that
D (xte)=Ht—rfelrte k=01,2 4.9
N (r,t, c) s 2:‘6’ In w
fotrs ) = 2:@ (ct in i‘w _ chtz — ,.2)
{*The

Substituting (4.9) into (4.6), we obtain Uy™ in the two~dimensional case*:
fi fee  in /5/ involved an error; in particular,

evaluation of the functions analogous to our
r was omitted from the denominators of the expressions under the logarithm sign in formulae

(4.3.155)-(4.3.155").
i (a2 H (cyt — H (gt —
U 000 = g {5 Cror— 00 (Jit — V=R + (4.10)
H(cat —r) o
»i"k}’ LI ey

H (et — 1) 5
—— L (B . 7 -
aVad— 3 (Bss W)+ aVedE=r

is a regular generalized function, with integrable

It follows from (4.10) that [U;* 2
(in R, )singularities of order (¢4 — r¥}™% on two fronts K’ = _((X, fy = Ry r = ¢;i}.The moving
r = ¢;t}, which are circles of radius ¢, expand in H, at a rate ¢

fronts K,/ = {x =R,
Ahead of the front K Up* =0.
At r =0, t+ 0 the tensor U,* has a removable singularity, as shown by the asymptotic

formuia
& 7oyl (et 1) oo (st —r) cﬁf— G ‘
T(Vc;’t‘—»r‘ - yc,lln_,z)“’ T r—0 (4.11)
It can be shown that
OH (ct — x z;
%xm—;’-é(ctur)li(t)=——?t’-6(ct—r)}’{(t) (4.12)
Here the right-hand side corresponds to a simple layer on the surface of a cone K = {{x, )
r=ct, { >0}
z N < z
(Foet—nr@. oxn)={a § Zoxnd o= DRy (8:43)
o r==ct X

it follows that the tensor

where the inner integral is evaluated along a circle of radius ct.
is a singular generalized function, whose precise form may be determined by using (4.7).

Tye*

Three-dimensional deformation. When N =3 /3/ we have
blet—r) B (1 —_—
@, (x, t,¢) = ""gc-—m.%'i)— vor=Vzrta + a5 (4.14)

Formulae (4.5) imply

H {(of e — —
®l(x,:,c)=...<§§c.,7fl, @, (x, 8, ¢) = 2 Al (4.15)
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Substituting into (4.6), we find that

Un* (%, 8) = t (hur) ™ {8 (cyt — 1) H (&) (8sx — 1,47, 5) + tr7t (By — (4.16)
) Hilet —r) —H@t—r) +8(ct—nH@®r, k)
i,k=1,2,3

Formula (4.16) was first derived by Stokes /1/, via direct inversion of the Fourier-
Laplace transform of U,.*.

5. Integral analogues of formula (2.8) for N =2 We will first consider the problem
with vanishing initial data and body forces: u, =0, uy =0, G, = 0.

When ¥ =3 formula (2.8) cannot be used, since V,* is a singular generalized function
with simple layers on the surfaces of the cones K, K2 1Its regular part, which includes
H(¢it —r), is non-zero only between the fronts. When A~ =2 the tensor 7T,*(x,¥,¢% n) involves
non-integrable singularities of the form (r—e¢t)/sr=|x—y|, so that here too formula (2.8)
cannot be used to determine u(x,t. We shall use formula (2.9) to construct an integral
analogue in the case N =2.

Express Vi* as Uy* = Uy + Uns, where Ul are the terms which depend on ¢ in
(4.10) . Uin describes a volumetric deformation and 7f: a shear deformation. Similar

decompositions hold for the tensors Ti, Uy, Ty Put

Wiy (o y0 1) = 5 Uiy (v, 1) dv (5.1)

riey

W, W, W,
Hyy(xiy, tomy=dny '77;"'&‘*“"1"( ay:n +a_;,k)' Hyo=Hyy + Hyy
Clearly,
Wik (x, y, rles) = 0 (5.2)
and it follows from (3.5) that
\ )
S Hylysxitn(y)ds(y) =P°ikHs'(x)H(‘)—Pa—,§ Uy (%, ¥, 2)do (y) (5.3)
s X

Using (4.5), (4.6) and (4.10), we obtain

Wik xy = We+ W”‘2 =

H(ct —r) et Vet — 3 ; H (ct—r)
ZneE O In T - (—1) —3gz— X
=T 7
e -+ ch’t’— r? 2r’ir' x _6ik
7 -3 c}.t]/cj’t‘ —r2

(5.4)

(Gik In
Since as r—0

2 (oY o B - — al Vet — ) ~ Yg (g™ — ™)

it follows that the singularity of the tensor w, at r=0 1is only logarithmic. Accordingly,

Hix has a singularity of type {/r-
Consider formula (2.9). Ui* is a regular generalized function, and we may therefore

write all the convolutions as integrals:

¢ 12
. )
ouo(x, 1)'= S drS Ui (%, ¥, %) py (Y, t —T)ds (y) + oz, S dt§ U ey 9, () + 6:5)
0 s
. 0
S dr§ B (X, ¥, T (y) X
o

(MU (v, DY u, (vt — 1) ds (y) + a:
m

u, (¥, t—1)ds(y)

where all the integrals exist; they may be written differently, e.g.,
t

Sdt§Uik(x,y,r)pk(y,t—'r)ds(y)= (5.6)
0
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2 t
Z§ sy 5 Ui (K9 1) py (¥, £ — 1) dt
X ric

=i 4
Bé=fyes: Ix—yl<eh

In order to differentiate under the integral sign, we introduce regularization at the
front:
2
pug* (%, 8) = ZS&SS Uiy, 9, (vt —1ds{y} + {(5.7)
k=1 %
T

{
%j‘g dtSS‘k <um t—m—u, (y, e ‘E;)) 5 (% Yo D 0, (V)

a

Usipx X» ¥ %) 0y (W)} ds (¥) + 57
m

H )
S d-:sS ""Uiik (X, ¥, 1) n, ¥) (um (¥s t 1) —
0 1"
T .
(}', t— "")) ds (¥} + 5= a S ., (Y! ?— T) (;\‘”m ¥} Wij)t X, ¥ 1)+
i A x

a r
way (y) Wimk (x, ¥, 1)} ds (y) + bz, Sk L (y, t— :) (] ) Wijk (x, ¥, 1) ds (y)
S

The integrands in the second and third integrals have removable singularities at the
fronts r= ¢, thanks to the equality

u (¥t — 1) —u, (it —7/c,)

1 = 5.8

T_IvlnL +0 V ck‘ﬁ_r‘ ©8
I
x

1 Ou(y,t—rfc,—0) lim V_ckt—r 0

_— =
°x T t»;’-+10 T tr
®

which holds for any r. On the boundary of the sets SF (at r= 1) they vanish (this is
important if §,°% 8, for then the endpoints of the mterval of integration depend on X).

The integrands in the fourth and fifth integrals vanish at the boundary of S. because of
(5.2). All the integrands are differentiable with respect to x. Accordingly, it is legitimate
to differentiate within the integral. Collecting like terms and using {2.6), (5.4), we

obtain

2t
pu; (x, )y Hg™ (x) H (¢ =ySdtsS (Ui].k(x,y, Vo (¥t —1) - (5.9)
=1 ‘0 k
T

x}k (X, 5. 7) (u {y,t— T—u (y’ t— —>)}d5 {(¥)—

Sk (y,t——) iix (%, y, 6, (y))ds (y
8
1

The first integral exists for any x, the second, for xES.

Note that formula (5.9) may be derived from the formal integral equality (2.8) if the
integrands are regularized at the front.

Formulae {(5.3) and {5.9) have been developed for generalized functions, but both sides
involve regular generalized functions. It is known /3/ that they are identical as real-valued
functions in the region of continuity. Thus (5.3) and (5.9) hold in the conventional sense
too. To prove that they are valid on the surface of the discontinuity S, one must let x-S,
as is normally done in static problems /4, 6/. 1In the case of smooth Lyapunov surfaces
formula (5.9) yields singular boundary integral equations for the solution of the boundary-
value problems of elasticity theory. We shall not dwell on the proof here.

Let us assume now that the initial data are not zero. Since yz , has a singularity

(r—et)™s,  the corresponding integral in (2.8) does not exist, so that this formula is useless.
We make use instead of (2.9). Split the tensor Ui as given in (4.10) into two: Uy describes
the motion between the fronts and U,® the motion upstream of the wave front:
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2
Uty = JUL0nen, e=(r,r )
i=1

Hiet —ryH{r —cat et 2
(et —rYH(r “){<—:>(2",i",k"éix)+6ix“"i’.k}

Uk =7 2n¢, Ve —r2
H (cat —r) (t 2 2] i
vl = ..,_.Z_T.L___{ T> (2r 7 —0y) Vedg—g }/cg't’—rﬂ)+
S — 7k Tk
- -
aVefB—r ' ) el

We define the tensors
oy
Dj — 5 {—-U,lk(r,e,t}dr
¢

and evaluate them using the equalities

rdr -
S yd=-—va=n
S dr _ 1 1 cf - V 3 2
rVen—p | a ot r

The results are

1 1= S
._+KY___‘\’..+((3“‘ —rr, ¥ Vi —-\,2}

1 - —
Dy =5z {(éﬂ,—?»r,;r, WDV T—9) 0, 1+ VT—W + r,ir,kv’i‘:?}.

¥ = csfes

i
Dz?k = me {(Zr,ir_ " _6ik) In

i.e., D;y*=D;,f{e) and these tensors are independent of t. Consider the expansions

2
T (x0) = U Ruy By (x) = 2 S_U{k (X, ¥4 1) ug (¥) 40 (¥) (5.10)
=l

(e (X) = w0 Hg™(x), Vi={y:lx—yl<ct)

Define the vectors z;(x e, {)=x+ eqyt. We can rewrite the last equality differently,
assuming regularization of the second type at the front:

2
1060= 30§ Th 0 e () — () o 3) +
=1 V7

§ vhixovn upy(z;) dody)
th

To continue, it is convenient to transform this integral to polar coordinates with origin at
& and integrate with respect to r:

IL (x,t) = 2 S U{k (X, ¥ 2) (“:o (y) u’]:n (zj)) av (y) -+ {5.41)
=
¢ { Dh@ulz)ds(e)
o . hef=1
=Y { thmr ek o —depam+
=T vy

S D{k (e)u;o (zj) ds {e)
fejfi=1

We have here cancelled out like terms obtained in the differentiation of uy, (sp:

Upa, ¢ (2)) = e ety o (2;)
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(on the assumption that ugy, .= dug,/dzm exists). All the integrals in (5.11) exist.
As a result, we can write formula (2.9) in the following integral form:

2 t
b, B A0 = 3 e § (0 00vmp -0
k=10 srk

T 3,9 (2, 0= 0 =ty (3,6 =) ) as () —

§ufri— ) apraams § Ohcrnogmaso+

stk 3 Vtk

Uf, ¢ (698w () — w3y (2,))) do (¥) + S DY (e)ujy (x +ecyt) ds () +
lefi=1

Sd1:§ U, (%, ¥,1) G (y, t — 1)} do(y)
H -

If xe§, this formula gives singular boundary integral equations for solving the
boundary-value problems of unsteady-state elasticity theory with arbitrary boundary and
initial conditions. Based on the approach outlined here, one can state the necessary con-
ditions that the boundary and initial conditions must satisfy. The sufficient conditions
are their continuity and the continuity of duyy/dz;.

The analogue of (5.9) for the case N =3 was developed by N.M. Khutoryanskii /6/.

REFERENCES

1. NOWACKI W., The Theory of Elasticity, Mir, Moscow, 1975.

2. PETRASHEN G.I., Fundamentals of the mathematical theory of elastic wave propagation. 1In:
Problems of the Dynamic Theory of Seismic Wave Propagation, 18, Nauka, Leningrad, 1978.

3. VLADIMIROV V.S., The Equations of Mathematical Physics, Nauka, Moscow, 1976.

4. PARTON W.2. and PERLIN P.I., Integral Equations of Elasticity Theory, Nauka, Moscow, 1977.

5. KECS W. and TEODORESCU P.P., Introduction to the Theory of Generalized Functions with
Engineering Applications, Mir, Moscow, 1978,

6. UGODCHIKOV A.G. and KHUTORYANSKII N.M., The Boundary Element Method in the Mechanics of a
Deformable Solid, Izd. Kazan. Univ., Kazan, 1986.

Translated by D.L.



